SINGULAR MAXIMAL FUNCTIONS AND RADON TRANSFORMS NEAR L^ 



Andreas Seeger Terence Tao James Wright 
May 12, 2002 

Abstract. We show that some singular maximal functions and singular Radon transforms satisfy a weak type 
L log log L inequality. Examples include the maximal function and Hilbert transform associated to averages 
along a parabola. The weak type inequality yields pointwise convergence results for functions which are locally 
in L log log L. 



1 .Introduction 

Let E be a compact smooth hypersurface of ^ and let /.t be a compactly supported smooth density 
on S, i.e. 

fi = Xdo- 

where x £ C^(M'') and da is the surface carried measure on E. 
Unless stated otherwise we shall always make the following 

Curvature Assumption. The Gaussian curvature does not vanish to infinite order on E. 

We consider a group of dilations on R'^, given by t^ = exp(Plogi), t > 0, and we assume that P is a 
d X d matrix whose eigenvalues have positive real part. For fc G Z we set Sk = 2*^^ and define the measure 
t^k by 

(1-1) (Mfc,/) = (A^,/(4-))- 

We shall consider the convolutions fik * f and study the behavior of the maximal function 
(1.2) Mf{x)^snp\^lk*f{x)\ 

and some related singular integrals. By a rescaling we may assume that the measure fi is supported in the 
unit ball {x : \x\ < 1}. 

The first complete bounds (1 < p < oo) for a class of such operators (Hilbert transforms on curves) 
seems to be due to Nagel, Riviere and Wainger [9]. A classical reference is the article by Stein and Wainger 
[17] containing many related results; see also the paper by Duoandikoetxea and Rubio de Francia [6] which 
contains general results for maximal functions and singular integrals generated by singular measures, with 
decay assumptions on the Fourier transform. Concerning the behavior on it is presently not known 
even for the special classes considered here whether the maximal operator A4 is of weak type (1,1), i.e. 
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whether it maps to the Lorentz space L^'°°. This question had been raised in [17]. For some 'flat' cases 
counterexamples are in [3], but these do not seem to apply in the case of our curvature assumption. 

We shall examine the behavior of the maximal function on spaces "near" L^. Two results in this 
direction are known: Christ and Stein [4] showed by an extrapolation argument that if / is supported in 
a cube Q and / G L log L{Q) then the maximal function A4f belongs to L^'°° (again under substantially 
weaker finite type assumptions). Moreover Christ [2] showed that the lacunary spherical maximal function 
maps the standard Hardy space iJ^(]R'') to L^'°°, and that maximal functions and Hilbert transforms 
associated to a parabola in map the appropriate Hardy space with respect to nonisotropic dilations to 
£,i,oo_ Weak (see also Grafakos [8] and our recent paper [12] for related results). For the two operators 
associated to the parabola (t, i^) it is also known ([11]) that they map the smaller product-type Hardy 
space -ffpr(j(R X R) to the smaller Lorentz space i^'^. 

We recall that for / to belong to a Hardy space a rather substantial cancellation condition has to 
be satisfied. If locally the cancellation is missing one has a restriction on the size of /; more precisely if 
a function / £ is single signed in an open ball then / belongs to L log L{K) for all compact subsets 
K of this ball. This can be deduced from the maximal function characterization of and the fact that 
fo € LlogL(go) if /o is supported on the cube go and the appropriate variant of the Hardy-Littlewood 
maximal function of /o belongs to L^{qo), see [15, §1.5.2 (c)]. Here we are interested in the behavior in 
Orlicz spaces near without assuming additional cancellation conditions. 

Our main result is that the maximal operator acts well on L log log L and the global version satisfies 
weak type L log log L inequalities. We first give a 

Definition. Let $ : R+ R+ be a convex function and let T be an operator mapping simple functions on 
R** to measurable functions. T is of weak type ^{L) if there is a constant C so that the inequality 



holds for all a > 0. 

Abusing the notation slightly we shall say that T is of weak type L log log L if there is a constant C so 
that the inequality (1.3) holds with <^{t) = tloglog(e^ +t). 

Theorem 1.1. The maximal operator M. is of weak type L log log L. 

We also prove a related theorem on singular convolution operators with kernels supported on hyper- 
surfaces (assuming our finite type curvature assumption). 

Let Hk be as in (1.1) and assume that in addition 



For Schwartz functions / define the singular integral operator (or singular Radon transform) T by 



(1.3) 




(1.4) 




(1.5) 




Theorem 1.2. T extends to an operator which is of weak type L log log i. 



2 



1.3 Remarks and examples. 

1.3.1. Theorem 1.1 implies an estimate on the Orhcz space <l>(L)((5o) where Qq is a unit cube and 
the norm on <i?(L) is given by = inf{Q! > : /g^ ^{\f{x)\/a)dx < 1}. Consider the local maximal 
operator 

Miocfix) = sup l/ifc * [fXQo]{x)\; 

k<C 

then A^ioc maps Z/loglogZ/((5o) to To see this we may assume that ||/||LiogiogL(Qo) = 1- Then the 

estimate 

\{x e Oo : M\ocf > a}\ < a'^ 
is trivial for a < 1 while for a > 1 it follows from the better estimate (1.3). 

We note that conversely the better estimate \{x G : Miocf > c(}\ ^ / ^{C\f{x)\/a) can be deduced 
from the Lloglogiy(Qo) ^ L^'°° boundedncss by the Orlicz space variant of Stein's theorem [14]. Then 
the global variant of Theorem 1.1 follows by scaling and limiting arguments. 

1.3.2. Similarly if we assume the cancellation condition (1.4) then the local singular Radon transform 
T,k<cl^k * [/XQolW maps LloglogL(Qo) to L^'°°. 

1.3.3. Suppose that J dfi = 1 and suppose that the measurable hmction / belongs locally to L log log i; 
i.e. |/(a;)| loglog(e^ + \f{x)\)dx < oo for every compact set K. Then limfe^_(x) Mfc * fi^) = fi^) almost 
everywhere. 

This follows by a standard argument. Observe that we have J Q!~^|/(a;)| loglog(e^ + Q!~-^|/(a;)|)(ia; < oo, 
for every a > 0. Fix a > and let 

^aif) = {x : limsupyUfe * f{x) - liminf /ife * f{x) > a}. 

k — * — oo ^ ♦ — oo 

Given e > we show that \^a{.f)\ < £• One can find a bounded fimction h with compact support so 
that / <I>(2C|/ — h\/a)dx < s and since Hk * h h almost everywhere we see that i7„/2(^) has measure 
zero. Moreover |f2„(/)| < \^a/2{f — ^)| + l^^a/2(^)| and by Theorem 1.1 we see that ^a/2{f ^ h) and thus 
^a{f) has measure < 2e. Since e was arbitrary we see that ^a{f) has measure zero; thus (JrnP-i—^if) has 
measure zero and the result on pointwise convergence follows. 

1.3.4. Examples of Theorem 1.1 include the lacunary spherical maximal operator where iJ,k* f is the 
average of / over the sphere of radius 2*^ centered at x (for the early results sec [1], [5]). The sphere 
may be replaced by any smooth compact hypersurface for which the curvature vanishes of finite order only, 
and the isotropic dilations may be replaced by nonisotropic ones. We remark that the proof of Theorem 
1.1 for isotropic dilations is much loss technical, see the expository note [13]. 

1.3.5. Other examples of Theorem 1.1 concern the averages along a parabola 

Vrf{x) = - [ f{xi-t,X2-t'')dt 

r Jo 

or higher dimensional versions for paraboloids {t' , \t'\^), b ^ 1. Again if / belongs locally to LloglogL 
then lim.r^o'Prfix) = f{x) almost everywhere. 

1.3.6. Similarly Theorem 1.2 can be used to deduce the weak type L log log L inequality for the Hilbert 
transform 

/°° df 
f{xi-t,X2-t'')-. 
-oo 

We give a brief outline of the paper. The main novelty in this paper is a stopping time argument 
based on the quantities of thickness 8„ and length A„ associated to a density v{x)dx (depending on an 
additional parameter n). Basically, the point is that the length A„[w] is used to control the size of an 
exceptional set while the thickness Qn [v\ is used to control the norm of an essential part of the maximal 
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function outside of the exceptional set, for suitable choices of v. The quantities of length and thickness 
are complementary in some sense; this and other basic properties are discussed in §2. In §3 we include 
preliminary and standard arguments from Calderon Zygmund theory. These arguments can be skipped 
by the experts; they may be used to reprove the known LlogL estimates. In §4 we describe the stopping 
time argument based on length and thickness. The proof of the weak- type L log log L inequality for the 
maximal operator is given in §5. The bounds for the singular Radon transforms are discussed in §6. 

2. Length and thickness 

In this section let v be an integrable nonnegative function which vanishes in the complement of a 
dyadic cube q. Dyadic cubes are supposed to be 'half-open', i.e. of the form HiLii'^i^'", (rij + 1)2™) where 
n,, m S Z. 

We define a dyadic version of a one- dimensional Hausdorff content or simply length X{E) to be 

(2.1) X{E) := inf ^ 1{Q) 

QeQ 

where Q ranges over all finite collections Q of dyadic cubes with E c [Jq^qQ, and 1{Q) denotes the 
sidelength of Q. Note that this definition differs from the usual definition of a one-dimensional Hausdorff 
measure as A(£') < 1{Q) if E is contained in the dyadic cube Q. 

Given n G Z we denote by En[v] the conditional expectation of v, for the a-algebra generated by dyadic 
cubes of sidelength 2~"; thus 

En[v]{x) =^Xq{x)\Q\-' f v{y)dy 

where of course the sum runs over all dyadic cubes of sidelength 2~". We also define 

(2.2) &^{v)={x:E^[v]{x)^Q}. 

Notice that v{x) = for almost every x ©„[w] since v is nonnegative. Now define 

(2.3) A„M = \{6n{v)). 

Note that &n{v) is a union of dyadic cubes of length 2"" and therefore the infimum in the definition 
of A becomes a minimum; i.e. there is a collection Q of dyadic cubes covering the set 6„(w) so that 
A„[ v] — X^QgQ 1{Q)- Here the cubes in Q have to be chosen to be of sidelength at least 2 

Next we define the thickness of v to be the quantity 

(2.4) ©nb]:=sup-i-/ v{x)dx 

Q i-kQ) Jq 

where Q ranges over all dyadic cubes of sidelength 1{Q) > 2~". Clearly, if v vanishes off a dyadic cube q 

it is sufficient to only consider dyadic subcubcs of q in (2.4). 

We note that the restriction to dyadic cubes in the definition of length and thickness is convenient 
but not essential. Since every cube of sidelength 2^ (L G Z) is contained in a union of 2'^ dyadic cubes of 
sidelength 2^ we observe that 

+ a)] <2'e„H 

KH- + a)]<2''K[v]. 



The quantities of length and thickness are complementary. Namely, it is immediate from the definitions 
of A„ and 0„ that 

(2.6) j V{x)dx < An[v]en[v]. 

The bound (2.6) can be attained, for instance if v is the characteristic function of a dyadic box. It would 
be desirable to have a converse to (2.6), with bounded constants, but this generally does not hold as the 
following example shows. Let £"„ be the union of n + 1 rectangles i?,^, parallel to the coordinate axes, 
with dimensions (2""^,!) so that the left lower endpoint of has coordinates (1^,0), = 0,...,n. Let 
Vn = XEn- Then A„[i>„] = n + 1, J Vn{x)dx < 2 and ©n[un] = 1; thus the converse of (2.3) fails with a 
uniform constant. 

However we shall show that v can be efficiently decomposed into a sum of functions for which a converse 
of (2.6) does hold. The main result needed to achieve this is 

Proposition 2.1. Let q be a dyadic cube with l{q) > 2~". Suppose that v is a bounded nonnegative 
measurable function supported in q. Then there exists a decomposition 

V = g + h 

with nonnegative functions g and h and g, h vanish in the complement of the set &n{v) C q; moreover the 
inequalities 

(2.7) K[h] < ^An[v] 
and 

(2.8) An[v]en[g] < 8 Jg{x)dx 
hold. 

In particular we see from (2.7/8) that the function g satisfies 

An[9]0n[g] < 8 / g{x)dx, 



thus a converse to (2.6). 

We shall first prove a technical result which states that for each dyadic cube one may construct a 
function vj from v so that vj has 'controlled' thickness and 'large' integral. 

Lemma 2.2. Let 7 > 0. For any dyadic cube I of sidelength > 2~", there exists a (possibly empty) 
collection Q[I] of disjoint dyadic cubes of sidelength > 2~" contained in I, and a measurable function vi 
such that 

(2.9) < vi{x) < vxi{x) 
for all X e R'^, 

(2.10) en[vi] < 27 

and 

(2.11) 2 / vi{x)dx > 27 ^ 1{Q) + I v{x)dx. 
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Proof. Wc prove this by induction on the sidelength of /. We first assume that /(/) = 2 Notice that 
in this case we have 



'S>n[vxi] = j v{x)dx. 



Wc distinguish two cases. First if 0„[wx/] < 27 we choose vj = vxi and take for Q[7] the empty 
collection. Clearly (2.9), (2.10), (2.11) arc satisfied. 

Next if Onli'X/] > 27 we may choose a measurable function vj which vanishes outside / such that 
< vi{x) < vxi{x) for all a; e M** and 

(2.12) j<J_J^yj(^x)dx<2-f. 

Clearly 6„[w/] < 27. For Q[I] we take the singleton collection {/} and (2.11) is satisfied because of the 
first inequality in (2.12). 

Now fix a dyadic cube / with /(/) > 2~" and suppose that the lemma has been proven for all proper 
dyadic subcubes I' of sidelength at least 2~". Partition I into 2*^ subcubes /i,... ,/2<* of sidelength 
|/(/). By the induction hypothesis, we may construct collections Q[Ij] and measurable functions vj^ for 

j = 1, . . . ,2"^ satisfying the properties of the lemma relative to Ij. 

To prove the assertion for / we again distinguish two cases. First suppose that 

(2.13) ^ /v/^ (x) dec < 27^(1). 

In this case we simply define Vi{x) := (^) ^-^d Q[I] ■= Uj=i Then by the induction 

hypothesis 

2 / vi{x)dx = X! ^ / '"iji^)'^^ - ^[^^ + / v{x)dx 

J j=l J j=l Q£QlIj] IA'~>Q€QlIj]Q 

which is equal to the right hand side of (2.11). From (2.13) it follows that 



j vi{x)dx < 27 



and if Q is a proper dyadic subcube of I then Q c Ij for some j and 

by the induction hypothesis. Altogether (2.10) follows in case (2.13). 
Now suppose that 

(2.14) f vi^{x)dx>2jl{I). 



In this case we can find a function vj so that vi{x) < J2j=i (^) ^^'^ 

(2.15) 7/(7) < j vidx < 27/(7). 
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Wc then take for Q[I] the singleton set {/}. Then (2.11) is immediate by (2.15). Clearly also by (2.15) 
J vj{x)dx < 27. As above wc can use the induction hypothesis to sec that if Q is a proper dyadic 

subcube, thus contained in an Ij, we have jQVi{x)dx < jQVj.{x)dx < 27, thus altogether (2.10) 
also holds in this case. □ 

Proof of Proposition 2.1. We define the critical thickness ■!?„(?;) to be the largest non-negative number 
7 such that the inequality 

(2.16) ^An[v] <2jJ2 '('5) + / v{x)dx 

holds for all finite collections Q of dyadic cubes of sidelength 2^" (here the empty collection is admitted). 
Equivalently, one can define i?„(u) by 

r \ I I r> v(x)dx 

(2.17) Mv):=ini- -^^^Uo.aQ 



Q (A„M- 2 EgeQ «(<?))+ ■ 

Observe that since v vanishes in the complement of q and since all cubes have sidelength at least 2~" we 
are in effect taking the infimum over a finite set of collections, each consisting of a finite number of cubes, 

so that this infimum becomes a minimum, and (2.16) holds with 7 = ■(9„(w). 

Clearly ■!?„(«) < A„[t']^^/ v{x)dx. Observe also that 'dni'v) > since Jg\\j Qv{x)dx is positive 
whenever Y.q^qI{Q) < A„[w]/2. 

We can now find a finite collection Qi of dyadic cubes in q, of sidelength at least 2~", so that 

(2.18) ^n{v)An[v] = 2^n{v) KQ)+ I <x)dx 

QeQi 



where 



(2.19) := q\ (J Q. 

QeQi 

We claim that 

(2.20) QnivXE,] < 2Mv)- 

Indeed, suppose for contradiction that there existed a dyadic cube Q' such that 

(2.21) / v{x)dx > 2dn{v)l{Q'). 

JE,r\Q' 

By (2.21) and i9„(w) > we have \E^ ("1 Q'l > which implies that Q' ^ Qi. If we apply (2.16) to the 
collection Qi U {Q'} we obtain 

Mv)K[v] < 2i9n{v)(l{Q') + V liQ)) + I v{x)dx, 
^ QeQi ' -^^AQ' 



but by (2.18) this implies 



/ v(x)dx < 2i)„{v)l{Q') + / v{x)dx 
Je, Je,\q' 



contradicting (2.21). This proves (2.20). 

We shall now invoke Lemma 2.2 with 7 = i?„(i') and I = q, thus finding a function Vq and a collection 
Q[q] obeying the properties in the lemma. We define 

g{x) = v{x)xe, {x) + Vq{x)Xq\E, {x) 

and 

h{x) = {v{x) -Vq{x))Xq\E,{x)- 

Observe that g and h are nonnegative functions. To show (2.7) we use that A„[/i] < X{q \ Et,) since the 
latter set is a union of dyadic cubes of sidelength 2~". Thus we observe 



A„[/i] < ^ UO) < \k[v], 



by (2.18). This gives (2.7). 

To show (2.8) we use that Vq <v and observe that by (2.11) 

g{x)dx> I Vq{x)dx >]-(2^n{v) KQ)+ f v{x)dx), 

since now 7 = t?n(v). By (2.16) we thus see that 

j g{x)dx > ^An[v]^ri{v). 

By (2.20) and (2.10) 

&n[g] < OnlvXE.] + On[Vq] < 2t?„(t;) + 2l?„(u) = Mn{v), 

we see that Quid] < 8A„[t;]~^ J g{x)dx which is (2.8). □ 

Remark. There arc analogues of Proposition 2.1 where for < f3 < d the length X{E) is replaced by the 
/3-dimensional Hausdorff content 

Xp{E) = inf J2 KQ? 
QeQ 

where again Q ranges over all finite c;ollc;c;tions Q of dyadic cubes with E C Uq^qQ. Then if we define 
A/3,n(i') = Xi3{&n{v)) and the /3-thickness by 



then an assertion analogous to Proposition 2.1 holds true. The proof requires only notational changes. 

In what follows it will be convenient to extend the definition of length and thickness to not necessarily 
nonnegative functions, and we simply put 

A„[/] := A„[|/|], e„[/] := e[|/|]. 



Proposition 2.1 can be applied iteratively. This leads to 
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Proposition 2.3. Suppose that f is integrable and vanishes in the complement of dyadic cube of length 1. 
Set ho{x) = f{x). For m > 1 we may decompose 

m 

f = hm + ^gv 

almost everywhere, so that the following properties hold. 

(i) hra{x) and the gu{x) are nonnegative if and only if f is nonnegative, and hm{x) and the gv{x) are 

nonpositive if and only if f is nonpositive. 

(a) &n[g^]^n[K-i] < 8/ \g^{x)\dx. 

(Hi) An[hm]<2-"'An[f]. 

(iv) Ifm>n then gm+i = hm, hm+i = 0. 

Proof. We first extend the statement of Proposition 2.1 to not necessarily nonnegative functions, in the 

obvious way. Wc simply decompose |/| = g+h as in Proposition 2.1, and then define g{x) = g(.T)sign (/(.t)), 
and h{x) = h{x)sign {f {x)) . We can then iterate this procedure (decomposing in the second step the 
function \h\ =52 + ^12 etc.) and obtain the above decomposition so that statements (i), (ii), (iii) hold. 

Also observe that if A„[|/i|] < 2~" then 6„[/i] is contained in a dyadic cube of sidelength 2~" and we 
thus know that G„[|/i|]A„[|/i|] = J \h{x)\dx. This implies statement (iv). □ 

We now describe how the quantities of length and thickness are used in certain convolution estimates 
involving the measure /x and appropriate localizations /u". To define the localization we choose a C°° 
function (p with compact support in {x : \x\ < 1/2} such that / <f){x)dx = 1 and such that 

j (j){x){P{x) - P{0))dx = 

for all polynomials of degree < d. Set (pnix) = 2"''(/)(2"a;) and let 
(2.22) = M- 

Lemma 2.4. Let f be supported on a set of diameter at most 10. Then 

meas(supp (m" * /)) ^ K[f]- 

Proof. Note that if Q is a cube with center xq and sidelength 1{Q) with 2~" < 1{Q) < 100 and fg is 
supported in Q then ^" * /g is supported on the .xg-translate of a tubular neighborhood of S of width 
0{1{Q)), thus on a set of measure 0{1{Q)). The assertion follows by working with an efficient cover of the 
support of / arising from the definition of A„. □ 

The quantity 0„ [/] can be used to estimate the norm of the support /x" * / provided that one has a 
lower bound for the curvature. To make this precise we first prove a slight variant of an observation in [7] . 

Lemma 2.5. Let ip be a real valued C°° function on [—1, 1]'', so that supj„|<3 |9"^(a;)| < A^; here A3 < 1. 
Suppose I dot V'"(yo)| > P and Q C [—1, 1]''"-^ is a d—1 dimensional cube of sidelength Sif3, containing yo, 
here £1 < [10(d - ij^'Aa]"^- 

Let X &e a C°° function supported on Q so that the inequalities ||5"x||oo < c„(ei/3)-l"l hold. Define 
the measure u by 

{y,f) = j x{y')f{y'My'))dy' 
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and define the reflection {y,f) = {v,f {—■)). 
Then there are constants Ca so that 



|a| 



Proof. We assume that d> 3 but after notational modification the proof applies also to the case d = 2. 
Since u *u does not change if we translate the measure we may assume that yo = Q. 

We compute 



(i/ * z/, /) = yy f{x - y)dv{x)dv{y) 

= Yl[ ^("' + y')xK)aK)/K, ^{y' + - W))dy'du' := W) 

k '' k 

where the (k form a partition of unity on the unit sphere in which is extended to a homogeneous 

function of degree 0. We assume that the restriction of Cfc to the unit sphere is supported on a set of 
diameter < ei/3 and the summation is over ©((ei/?)^"*^) terms. The Cfe satisfy the natural estimates 

i5«aK)i <a(£i/3)-i"iKr'"'- 

Note that in the integral defining Ik the variables u' and y' are restricted to a ball of radius < and u' 
is further restricted to a sector with solid angle eijS. 

Now note that by Id^.^.tp] < A3, | det il>"{0)\ > /3 and Cramer's rule we have 
(2.23) \u'\ < l3-\d - lfAi-^\iP"{0)u'\. 

We now pick a unit vector 9k S supp Cfc- 
Let 



\r{o)Ok\ 

and let Vk,2, ■ ■ ■ ,^k,d-i be an orthonormal basis of the orthogonal complement of MOfe, and with t" 

-1 
=2 



(i2, . . . , td-i) define rokit") = Yh=2 ti^k,i- Now write y' = tt)k{t") + iiOfc and we get 



h{f)= ! ! ! x{u')Ck{u')x{u' + n>k{t")+tii,k)f{u',^k{h,t",u'))dtidu'dt" 

Jt" Ju' Jtl 

where 

^k{h,t", u')) = V'(tt)fc(i") + tiOfe + u') - ipitt,k{t") + titk) 

= {u',[ Vtl;{nik{t")+tiVk + su')ds). 
Jo 

We wish to change variables in the inner ^i-integral. Observe that 

j^^k{ti,t",u')=\u'\{ek,noH) 



+ \u'\ [ {9k, yj"{tt)k{t") + tiOk + su') - V'"(0)] Ok)ds 
Jo 
/•I u' 

+ \u'\ / {—-9k,i^"{tt,k{t") + ti\3k + su')Vk)ds 

Jo 1^ I 



(2.24) =\u'\\^"{0)9k\ + eiitut", u') + 62(^1, i", u') 
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where by our assiunption on the third derivatives the error term ei is bounded by 2{d — l)'^A^eil3\u'\, and 
since u' G supp (k the error term 62 is bounded by {d — l)^^3ei/3|u'|. The main term is |u'||'0"(O)0fe| > 
\u'\P{d — 1)~^A3~'^ and thus the derivative dt^k is single signed and of size w P\u'\. Therefore we may 
perform the change of variables ti 1-^ Uci = ^'^(fi, t", u') with inverse ti{uci; u', t") and obtain 

(2.25) * ^' = /// /(^'' -^dWkiu, ud, t")duddu'dt" 

where 

Hk[U,Ud,t)- • 

We have the estimate 

\Hk{u',s,t")\<p-'\u'\-' 

and Hk{u' ,Ud,t") vanishes if > C\ud\ or — Ok\ > £i/3 or \t"\ > (3. Integrating in t" yields a 

factor of 0{l3'^~'^) and since Ck{u') = 0(1) we obtain the claimed estimate for a = 0. The estimates for 
the derivatives follow by a straightforward examination of the derivatives of ti{ud;u' ,t") and applications 
of the chain rule. We omit the details. □ 

Now let <j)n be as in (2.22). 

Lemma 2.6. There is a small constant ei depending only on S so that the following holds for /? < 1. 

Let X G Cq' is supported on a set of diameter e\(3 and suppose that the support of x contains a point 
P onT, where the Gaussian curvature satisfies \K{P)\ > p. Let = (f)n* ^i- Suppose that f is supported 
on a set of diameter 1 . Then 

F"*i^"*/l|oo</3'-'(l + n)e„[/]. 

Proof. After localization and a change of variable we may reduce to the situation of Lemma 2.5. 
Notice that |z^"(a;)| < 2" since v is a, density on a hypersurface. By Lemma 2.5 we have 



* * fix)\ < P"-' I min{2", ^_}|/(y) 

J \x-y\ 



dy 



and we observe that 

2"l/(!/)l*<2''e„[/) 



/ 

J\x 



l\x-v\<2- 

and 

/ ^^l/(2/)M2/<2'^+'e„[/], o<e<n. 

The asserted estimate follows by summing over £ = 0, . . . ,n. □ 

Finally we also need the behavior of the quantities of length and thickness under nonisotropic dilations. 
Here we will have to compare isotropic dilations to nonisotropic ones. Let r = trace{P) and denote by Aj 
the eigenvalues of P. Then we may choose positive constants a, A so that 

(2.26) a < Re(Aj) < A < t. 
Then there are positive constants ci < Ci so that for all x 

(2.27) cit^lxl < \t^x\ < Cit^\x\, t > 1. 
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Lemma 2.7. Suppose that f is integrable and vanishes in the complement of a compact set. 
Then there is a constant C depending only on the dilation group and the dimension, so that 

(2.28) e„[/(^,-)] < C2-^(--^)e„[/], ifj>0 
and 

(2.29) A„[/(<5_„.)] < C2^™A„[/], ifm>Q. 

Proof. Let j > and let Q be a dyadic cube of sidelength 1{Q) > 2~". Then SjQ is contained in the 
union of at most 2"^ dyadic cubes {qi}, of sidelength f« 2^^1{Q). Thus 

KQr' f \f{S,x)\dx = 2-^U{Q)-^ f \f{u)\du 
Jq JsjQ 

<2-^^^C'{2-^H{qi))-' f \f{u)\du<C'2''2-^^^-^^en[f]. 
i ■'n 

If we take the supremum over all dyadic cubes we obtain (2.28). 

Next let m > 0. Let Qi, . ■ ■ ,Qn be a cover of S„(|/|). Let QI be the double cube (dilated with respect 
to the center of Qi). 

Now (S„(|/|) = U^]^i?jy where the R,^ arc dyadic 2^" cubes with center on which the expectation 
i?„[|/|] does not vanish. Let -R* „, be the union of dyadic cubes of sidelength 2~" which intersect 5mRv 
Then &n{\f{5-rn-)\) is contained in U^\i?;_„. 

Since m > each RZ^m is contained in a 2-dilate of 5mRv relative to the center 5mXv Thus the union 
of the R%jn is contained in the union of the dilates SmQ*- Each SmQ* is contained in no more than 4** 
dyadic cubes of sidelength 2^'^^~^^U{Qi). Consequently 

N 

K[f{S-m-)]<C2^"'^l{Qi). 
If we work with an efficient cover of 6„(|/|) we obtain (2.29). □ 



3. Preliminary Calderon-Zygmund reductions 

We shall begin with some reductions from standard Calderon-Zygmund theory. The estimates in this 
section together with a trivial estimate will only imply the known weak- type LlogL inequality (see 
Corollary 3.1 below) but they apply to more general operators than those discussed in the introduction. 

In this section we shall assume that the measure n satisfies 

(3.1) \m\<{^ + m-'' 

for some positive 7 (without loss of generality 7 < (d — l)/2). 

When estimating the singular integral operator (1.5) we shall assume the additional cancellation con- 
dition (1.4). We note that the original hypothesis of the curvature not vanishing to infinite order implies 
an estimate (3.1) for some 7 > 0, by an application of van der Corput's lemma. 

We shall apply a nonisotropic version of Calderon-Zygmund theory (see [10], [16]). Let p be a homo- 
geneous distance function which satisfies p{t^x) = tp{x) for all x and p{x) = 1 if \x\ = 1. If xo € and 
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po > then wc set B{xo,po) = {x : p{x — .xq) < po} and we refer to B{xo,po) as the ball with center xq 
and po (see [17] for a discussion of such distance functions). Notice that 

B{xo, Po) = {x : \Po^{x -xo)\ < 1}. 

We note that Ixl^" < p{x) < \x\^/^ if |a;| < 1 and \x\^/^ < p{x) < |a;|V« if > 1, see (2.26/27) above. 

Let Mhl be the analogue of the Hardy-Littlewood maximal function associated to the family of these 
nonisotropic balls, i.e. MhlUx) = sup^gg /g \ f{y)\dy where the supremum is taken over all balls 

B = B{xo, Po) which contain x. 

We now fix a > and define fl = {x : MhlJ > ct} and thus 

N<"-'ll/lli- 

By an analogue of the Lebesgue differentiation theorem we also know that |/(a;)| < a for all x <eM.'^\ fi. 

The Calderon-Zygmund decomposition is based on a Whitney type decomposition. According to [16, 
p. 15] there are constants > 1, K2 > 2, > 1 (depending only on the distance function p), and a 
sequence of balls Bi, . . . , Bj, . . . , with Bj = B{xj, pj), and a sequence 92J of measurable sets ('generalized 
Whitney cubes') Wi, . . . ,Wj, . . . , so that the following properties are satisfied: 

(a) The Bj are pairwise disjoint. 

(b) If B* = B{xj, Kipj) then the numbers Kipj belong to {2-' : j e Z} and (J^. Bj = f2. Moreover each 
x S is contained in no more than of the balls Bj. 

(c) B, C Wj C B* 

(d) The Wj are pairwise disjoint, and we have IJ Wj = O. 

(e) If B** = B{xj,K2Pj) then B** n (R"^ \n)^9. 

(f) Each B** is contained in n* = {x : Mhl{xo) > (10^2)"^} and thus 

(3.2) meas(f2*) < a-^\\f\W < j m\/o^)dx. 

We thus get a decomposition f = g + X^ioeaiT where fw{x) — .f{x) if x G w and |/(.t)| > a and 
fw{x) = otherwise; moreover \g{x)\ < a and \w\~^ J \fw\dx < a for each w. The sets w play the role of 
the usual Whitney cubes. For each tz; e 23? we assign a point Xyj and an integer r{w) by setting x^j = xj 
and r{wj) = log^iKiPj)- 

In what follows we choose c > small, specifically the choice 

(3.3) c<^min{l,7} 

works. We then further decompose fw by setting 

m = U{x) if 2'=("-i)a < \U{x)\ < 2^"a. 
Observe that = ^2"^=! fw and 

00 

\ax)\dx<a. 

We also let 

9l{x)=Xw{x)-r^ [ f^{y)dy, 

blix) = fZix) - glix), 
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and 

W W 

Now 

oo 1 /" ^ \ f 

(3.4) ^ / E l/^(y)M2/x«,(a;) < T-i / l^(y)Myx«,(a;) < a; 

n=l I I n=l I I •'w 

moreover 

CXD 

(3.5) El5"(^)l^" 
and 

oo ™ 

(3.6) E[lKlli + ll&:ili]< / \f{x)\dx<a\w\. 

n=l 

It will also be necessary to decompose the measure fi further. Let /x" be the regularization defined in 
(2.22) and let 

^il{x) = 2-'=>"(2-'=^x). 

For our basic decomposition of the singular Radon transform we set /" = Yliw fw ^^'^ using / = 
5 + E„ /" = 5 + E„ ff" + E„ we split 

J2l^k*f = Hi,i + Hi,2 + Hi,3 + Hb 

where 



(3.7) 



Hi,i 














fceZn>l 




= EE^^*^" 




feeZn>l 




= EE/^^*^"- 




feeZn>l 



necessary for Hb- For given n > 1, I G Z we define 

ir = [In, {I + l)n) 
{ipr = [{1 - i)n, {1 + 1 + l)n] 

Br = E 
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A further decomposition is 
(3.8) 
and set 



We split Hh = Hii + Hill where 

n>i iez keixnr'Y 

(3.9) 

n>i lez fce(/f)* 

Note that Hii is the portion of Hf, where the scaling of the measures /iJJ is very different from the scaling of 
the balls w, which enables us to use standard arguments in the complement of the set fl* . The difficult 
term to estimate is Hm. 

We shall show that 

(3.10.1) E 11^^.^112 ^"'^'ll/lli^' 

(3.10.2) ||if//||LMM^\a*) ^ ll/lli 
From (3.10.1/2) we get by Chebyshev's inequality 



meas({x : ^ \Hi4x)\ > a/10}) < a'^j ^ \Hi 

i=l i=l 

(3.11) ^"-'[E 



2 



1 

and 

(3.12) meas({x e : \Hii{x)\ > a/10}) <a-i||/||i. 

We now prove the bounds (3.10.1) using standard arguments. The cancellation oi fi = fjP implies 
that /U°(^) = O(ICI) and since fio is smooth we get 

(3.13) i;;?(0|<min{|^|,|C|-^} 
for large N. 

Even without such a cancellation assumption the difference /i" — does have cancellation and using 
the decay assumption (3.1) on the Fourier transform of n it is straightforward to check that for m > 1 

(3.14) |/?i(0 - Ji^iOl ^ 2-™T min{2-™|^|, (2-™!^!)-^}. 

Indeed the left hand side of (3.14) is < (1 + |^|)-^|^(2-"0 - 0(2"""^OI and since ${r]) = 1 + 0{\r]\'^) 
we obtain the bound 2-"t(2-™|^|)'^-'>' which yields the claim for |^| < 2™+i since also - 7 > 1. For 

Id > 2™+! we use that < CArier^(l + 2-'"IC|)-^. 

Since /i^(^) = /U"((5^0 we obtain using (3.13), (3.14) that 



EK(Ol^i 



(3.15) 



Ei'"r(o-Mr'(oi<2- 

feez 
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Wc recover the well-known result that T is bounded, and as a consequence of the last displayed 
inequality we also get 



E(A'fe - M^) * / < E II E(/^r' - * / 



< 2-"7| 



112- 



Now clearly 



<ll5ll^< all/Ill 



||^f/,i|l2 = II E^fc *g 

feez 

and using (3.13) and (3.14) we also obtain 

11^^.^112 < ( E II E(^^ - * /"i J' ^ ( E 2-"^ii/"ii2)' 

n>l fceZ n>l 

< E 2-"''liril2 < E 2-"^||r||i2^("+i)a < all/IK 
by our choice of c in (3.3). Moreover 

ll^^.3||^ = ||EE(/^° + E(/^r^-^n*5") 

feeZn>l )n=0 

oo 

< (II E^° * E^IL + E II E(Mr^ - * E ^1 



n>l 



n-1 



n>l 



(E2-"i|E5"||J 

m— n>m 



m=0 fceZ 
2 



n>Tn 



< 



m 1- 



Finally we prove the bound (3.10.2). Suppose that r{w) G I". For k > max(/4)* (thus k — r(w) > 
2n/a) we use the cancellation of 6" and obtain with 

Mfc * W = / 2-'=" [M"(5-fe(a; - y)) - ^J'{5-k{x - y^))] 6::,(2/)dy 

= 2-'=^ y (5_fc(y - y^), V/z"(5_fc(x - + s(y - 2/»))))6:i(y)dy 
and since \6-k{y - yw)\ < 2('-("')-'=)« for j/ e w; and ||V/i"||i = 0(2") we get 

K*C(2^)|dx<2"2('-(-)-'=)"|16:i|i. 



Moreover notice that by our assumption that ji is supported in the unit ball we have that /i^ * 6^, is 
supported in O* if A; < min(/")*. 

Thus 

iii?//iiLi(«<^\o.)<EE E 

n>l ;eZ fe>max(7J')* 

^EE E E 2"2('-w-'=)«ii6:iiu 

n>l (GZ /c>max(7,")* r(w)el^ 

^EE2"" E ii^^J-iii ^ ii/iii' 

n>l ;eZ r{w)£l^ 
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by the definition of (if)*. Thus (3.10.2) is proved. 

A decomposition similar to (3.7), (3.9) applies to the maximal operator where no cancellation on fi is 
assumed. We have 

sup \fik *f\< Mi^i + M7,2 + M/,3 + Mil + Mm 

k 

where 



(3.16) 



M/,1 


= sup l/Ufe * g\ 

fcez 




M/,2 


= VsupK/ife - 

n>l '^e^ 






= V sup * g 


"1 


Mil 


= sup 

n>l /ez 




Mm 







Concerning the L"^ boundedness we observe that sup^ iMfe * /I is pointwise controlled by the Hardy- 
Littlewood maximal function MhlJ, associated to the given dilation group. Therefore 

(3.17) ||sup|/x0,*/|||,<||/||2. 

k 

Again by Fourier transform arguments as above 

p KMfc" - i^Tl * /III, ^ II (> . KMfc" - i^Tl * /r : 



sup i(Mr - Mr') * /iL ^ II ( E K-"^ - * /I' 

'= k 



< _ 

k 

This shows that we can repeat the arguments for Hi above and get 

(3.18) E 11^^.^112 ^"'^'ll/lli^'- 

i=l 

In the definition of M// we may replace the sup over k ^ (/")* by the sum and the estimation is exactly 
the same as for Hn above. This yields 

(3.19) \\Miih.^^.\n') < ll/lli. 

We combine these estimates with (3.2) and we see that in order to prove Theorems 1.1 and 1.2 we are left 
to prove the inequalities 

(3.20) meas{a; : \Miii\ > ^a} < f loglog(e2 + ^^)da; 

o J a a 

(3.21) meas{a; : \Hiii\ > U} < f ^ loglog(e2 + ^-^)dx 

J a a 

This will be done in §5 and §6 below. 

Weak type L log L estimMtes. We note that weak type L log L inequalities for T and M. can be already 
obtained from trivial estimates for Hm and Mm. Here we are essentially reproving the result in [4]. 
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Corollary 3.1. Let ^ be a compactly supported Borel measure satisfying 

\m\<c{i+\^\)-^. 

Then M is of weak type LlogL. If in addition the cancellation condition J dn{x) = holds, then T is of 
weak type LlogL. 

Proof. Given our previous estimates we just have to estimate the measure of the sets where Mjjj > a 
or \Hjij\ > a. We simply use Chebyshev's inequaUty and are left with estimating a~^||M///||i and 
a~^||il777||i, respectively. Using that the L^ norm of /U^ is uniformly bounded in k,n we get 

\\Hjuh<j2i: E iK*^riii<EE E E w^ih 

n>i lei- keiipy n>i ;ez fee(/,")* r(u>)e/," 

^EE E ^ii&::iii^E"ii/"iii^ / 1/(^)1 

n>l leZ r{w)eip n>l 

and the same argument applies to Mm. □ 

4. A stopping time argument 

In order to refine the previous estimates for Mm and Hm we need a further decomposition of b'!^. 
Here we use a stopping time argument based on length A„ (and thickness 9„). The reader will note some 
similarities with Christ's stopping time argument in [2]. 

In what follows Oo will denote the set of dyadic unit cubes of the form (m, . . . , rid) + [0, 1)'', rii G Z. 
Proposition 4.1. For every n and every w with r{w) G /" there is a decomposition 

(4.1) bl= J2 f^'^ 

so that the following properties are satisfied. 

(i) 

(4.2) \f^'^\ = \bl\- 
(a) For every q e Q.o, k e (/")* 

(4.3) A4 /r ('^«-)xJ < E J\fw'''M\dy- 

r{w)<K r{w)<K ^ 

(iii) For every q G £lo? o.'i^d for every n G {I'lY and s>l with k; + s G {If'Y , 

(4.4) e„[ fl'%5.+s-)x<i]<Mn+l)a. 

r{w)<K 

Proof. This is proved by an inductive construction. 
We shall give a decomposition of 

Q'= E c 

w:r{w)elp 

since the w are disjoint this will yield a decomposition of each b"!^. Set k™^'^ = max(/")* and kj = 
We shall establish the following 
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Clciim. For N = 0,1, . . . we can decompose 

N 
3=0 

SO that 

(i) G^-i = W + + ifj>l 

(a) = X^qGijo Y^v=\^^ Gl''^, where Gi;'^ vanishes in the complement of S^^q and 

On[Gi'%6,^-)]<8a. 

L{j, Q)<n+1. 
W{x)=0 ifx^ y w 

r(w)<Kj 

S^{x)=0 ifx^ [j w 

r{w)=Kj 

G^{x) = o ifx^ y w. 

r{w)<KM 



Moreover 



(Hi) 



(iv) For each q G 0O; 



Jq 

(v) For K > Kj, K G (/")* and each q € Qq, 

en[H'{S.-)Xg]+&n[S\6,-)Xg] < 16(n + l)a. 



(vi) The functions G^ , G^'', , are nonnegative atx (nonpositive) if and only if f{x) is nonnegative 
(nonpositive). 

If we accept the claim then in order to complete the proof of the proposition we observe that in the 
above statement k = kj = — j and thus we merely have to define 

{H<T-'^{x) if a; G w, r{w) <k< K;™f , 

5<r-«(a;) iixew,r{w)=K 
if X ^ w or if K < r{w). 

Then (4.1) follows from (iii) and (4.2) from (4.1) and (vi). (4.3) is a consequence of (iv) and (4.4) follows 

from (v). 

Proof of the Claim. We argue by induction and assume that either A'^ = or that N > and statements 
(i)-(vi) hold for all j < - 1. 

If iV = we set 5° = = and G° = If AT > 1 we begin by defining functions 5^, where 

S'^{x) = G^-^ix) iix € Ur(tu)=««"' and S^ix) = otherwise, and G^ix) = G^-^x) - S'^{x). Thus 
g^ is supported on Ur(«;)<Kiv ^ ^nd coincides with G^~^ there. Note that G^ vanishes if kj < min/" 
and the construction stops then. 
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We now use Proposition 2.3 to decompose for q € Q.o 

L 



so that <dn[gu''^]^n[h^-i] ^ 8 / \g^''^\dx and h^''^ vanishes for L > n + 1. Also the signs of the functions 
9v'''j '^l '' coincides with the sign of {SKN{^))Xg{x) and we have /i^' = 5^'^ + /i^'^ for i/ > 1 with 
A„[C'«]<A„[C-l'i]/2. 

Let L{N, q) be the minimal integer L so that 

(4.5) KK^'']<a-' j K'\y)\dy. 

Then L(A'', g) < n + 1 (since h^''^ vanishes for L > n + 1). 

Now, A„[C-i] > ""^ / \hu-i{y)\dy for < L(Af,^), by the minimahty of L{N,q), and since < 
iC-il we get 



(4.6) e„[,,^-] < 8 ^'5"S'^^ < 8a. 



Now define G^'Ha^) = ^^l^'H-^-.^a;), for u < L{N,q), and C?^(a;) = E,eQo ^^="1"'"^ G^^'^a^)- Moreover 
H'^^iix) = /i5w,9)('^-«A'-'0 ^^nd i7^(x) = EgeQo ^^'"(s^)- Then the statement (vi) about the sign of G^'?, 

and iJ^ holds, (iv) follows from (4.5). Statements (i) and (iii) hold by construction, and the inequality 
for the thickness in (ii) holds by (4.6) by (4.6). 

In view of (i), (vi) we also have l^^l + l^^l < \G^-'^\ < for s > 1 so that by statement (ii) 

for j < A'' — 1 we get 

e„[if^(5«,+,-)x,] + e„[5^(5«,+,-)x,] = e„[F^(5«,_,-)x,] + e„[5^(5«„_3-)x,] 

L{N-s,q) 

< 2e„[G^-^(5,„_,-)x,] < 16 1] e„[C~'''(<5.c„_.-)] < l6L{N-s,q)a < 16(n+ l)a 
This implies {v) for j = N and the Claim is proved. □ 



5. The main estimate for the meiximal function 

We shall prove the nontrivial estimate (3.20) for the maximal function, assuming again that the cur- 
vature assumption in the introduction is satisfied, and prove the inequality 

(5.1) meas(^^x : sup 

n,l ^ 

with $(t) = i loglog(e2 + t). 

We use the decomposition in Proposition 4.1 and form an additional exceptional set Oi. To define it 
we set for q e 0o, « S (/")*, 

(5.2) F^'^'^ix)^ J2 mx)x,iS-.x). 

r{w)<K 
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and define 



(5.3) (^i=UU U U U s^PP{l^k*F^-'^^); 

n=i iez Keiipy 9e£2o keiipy 

moreover we define 

(5.4) = OiUQ* 
where SI* is as in (3.2). 

To estimate the measure of d observe that supp (^^ * f^''-") = J^supp (^q * [Fg'^''^{5k-)]) and since 
for /c < K the function FJ*''''*(5fc-) is supported in a set of bounded diameter we get by (2.29) and (4.3) 

meas(supp * F^'''^)) = 2'=^meas(supp (/.^ * [F^'''^{dk-)])) 

< 2'=-A„[J^,"'''«(5fc.)] < 2'=-2(«-'=)^A„[F,"'''«(5«.)] 

< 2fcr2(«-fe)A^-i J iFn,i,.(^s^yj\^y < 2('=-«)(-^)a-i J \Ff'-{y)\dy. 

Thus, we can sum a geometric series ink < k and obtain 

oo ^ oo „ 

meas(Oi) ^ E / l^r'''(2/)Mj/ ^ E E""' / l^-^?')!'^^' 

n=i ;ez Keiij^y qeQo n=i w '' 

n=l lu 

and the measure of O = Oi U O* satisfies the same estimate. Note that the contributions for k < k, 
r{w) = K are also supported in O since is assumed to be supported in the unit ball and thus 

oo 

UU U U supp (/X^*/«'-W) Cfl*. 

n=l lelw:r{w)eir k<r(w) 

It now remains to handle the contribution in the complement of O which only involves the scales k > k 
and contributions for r(w) G /" with r{w) < k; to simplify the notation below we set 

I^''' = {r€ir:r< k}. 

Wc shall first cut out a contribution from 'flat' parts of E. Wc recall that the curvature does not vanish 
to infinite order on S and therefore there is a number rj > such that 



(5.6) / \K{x)\-''da{x) < 



oo. 



This is well known (for example, one may use an argument in [16, p. 343] to reduce to an inequality in one 
dimension where one can use Holder's inequality and compactness). 

By Chebyshev's inequality (5.6) implies that 
(5.7) \{x&i::\K{x)\<n-^/'^}\<n-\ 
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Now we use a partition of unity to write 



where each z/*'" is supported on a cube Ri of diameter sin ^1"^ (here e\ will be as in Lemma 2.6) and the 
supports of the i/*'" have bounded overlap, independent of n. Note that then 

(5.8) card( J") < n^^"^"!)/". 



We split the index set into disjoint subsets as J7" = Jx U J2' where consists of alH G i7 with the 
property that |iir(a:')| < n~^/^ for all x' G supp Ri. 

Then by (5.7) we have that the sum of the total variations of the z^*'", for which i e J2, satisfies the 
bound 

Let 

= v^'^ * 

and 4'" = 2-'=^/x''"(2-'=^-)- 

Since the cardinality of (/")* is 0{n) and X^^gj^n ||m^'"||i = 0{n~^) the contribution of the measures 
^.g^n /U^'", k e (/")* can be handled by a straightforward estimate: 

meas({a;:sup| ^ E E l-^t'" * E | > «/lo}) 



fce(/")* K<fe 



^-"llE E E Ei4'"* E /^""i 

K<k 

^"-^E E E EIK'IL E ncii 

(5.9) <"-'E E E ii/nii<"-'ii/iii- 

Next choose a large constant Co; specifically the choice 

(5.10) Co > —(1 + -) max{l, — i-} + 10 + loga (^) 

a T] T — A ci 

will work where ci < Ci are as in (2.27). Then the contribution for the scales k < k < k, + Co logn is also 
handled by an estimate: 
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meas 



keiipy K<fc<K+Cologn 

^""IIE E E EK'"* E /ri 



«<fc<K+Co logn 



T-(t«)eJ;"''" 



^«-'E E E E ii/riii 

KeiiP')* w:r{w)£l"''^ K<k<K+Co logn 

^""'E E E iog«ii/nii 

(5.11) <a-^Vlogn||r||i< f\iMioglog{e^ + \iM)dx 

J a a 



It remains to show 
(5.12) meas 

ke(iry fe>re+'Co iog7i 

and this will be accomplished by proving LP' estimates 



({a.:sup| E E^r* E /r(^)|>«/io})<a-^ 

n,l KeiirV i&Jr r(u))e/"''' 



Reintroducing cancellation. The decomposition in (4.1) was needed to exploit the geometry of the 

exceptional set; however we paid the price of destroying the cancellation properties of the b"^. As the 
information on the support of the Z^''' has been used and is not needed anymore for the scales k > 
k + Cq logn we shall now modify the functions /^'"^ to reintroduce some cancellation. Namely let {Pi}f^i 
be an orthonormal basis of the space of polynomials of degree < on the unit ball {x : |a;| < 1} and for 
given w define the projection operator 11^; by 

^n,{h]{x)=Xw{x)Y,Pi{^-r(w){x-x^)) / h{y)Pi{5_,(^){y - x^))2-''^'"^- dy. 



Note that 
(5.13) 

where C is independent of h and w. 
Let 



\Ti^[h]{x)\<C^ ( \h{y)\dy 



5rW=n^[,C1(2:), 
&r(2:)=/r(a:)-ffr(^), 
so that 6^''* vanishes oif w and for polynomials p 

(5.14) I bl'''{x)p{x)dx = ifdeg(p)<d. 

We observe that since the it?'s are generahzed Whitney cubes for Q (see §3), we have 

(5.15) Y l^M'^M ^ xUx)t^^ j \f{x)\dx < a; 
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moreover by (5.13) 

(5.16) Yl [ii'^-'^iii + ii^S'iii] < E II/- '^iii ^ / i/(^)i'^^- 

n,K ^ 

Now (5.12) will follow from 



(5.17) 

(5.18) 



-p| E E E^r* E 5^ 



n,l *€>7i" 



«^p| E E E^r* E 

ke(ir)'' fe>K+Cologn 



<"ll/l|l 



< 



a / 1- 



The estimation (5.17) is straightforward. If da denotes surface measure on S and dak the dilate 



2 da{d-k-) then the maximal function 



M/(a;) = sup \dak * f\ 



defines a bounded operator on L^. By the positivity of this maximal operator the left side of (5.17) is 
bounded by a constant times 



mhlmiy: e Ei^ri] 

n,l K.e(I")' 



< 



^E E E 

n,l Ke(/")* w 



C1li<"ll 



here we used (5.15/16). 

For the remainder of this section we prove (5.18). 

We first replace the sup in k by an i'^ sum and then, for fixed k, we apply Schwarz' inequality in the 
form [J2n kn|]^ ^ S I'^'^nP- Next we observe that for fixed n the number k is contained in at most 3 + 2/a 
of the intervals {!")*■ Then we apply Schwarz' inequality for the sim in k yielding a factor of 0{n) and 
for the sum in i yielding a factor of 0(n^(''~^^/''). Finally we group the sum over w into groups for which 
r(w) = r, r G /" and apply Schwarz' inequality in r which yields one more factor of 0{n). Thus we see 
that the left side of (5.18) is dominated by a constant times 



(5.20) 



E E 



k,n,l 



k:k< 
-Co logn 



E E 

ieJ"" re/"'" 



,(4+ 



3(d-l) V 



r{w) = 



We note that the some of the applications of Schwarz' inequality above are not really necessary but it 
turns out that the polynomial factors in n are irrelevant in the range k < k — Cq log n. 

Now, for fixed K,k, define 
(5.21) M(K,fc)= [fc-(fc-«)^+log2^+2] 

where [v] denotes the largest integer < v. Note that for k < k — Co logn we have M{k, k) < k. Let 9\{k, k) 
be the collection of dilates (5m(k,/£)9, where q e 0o- For each w with r{w) = r < k we assign R € ^R{k, k) 
so that w n i? 7^ 0. We write R = Rn^k{w) or simply R = R{w) if the dependence on k, k is clear. 
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Let d\{K,k) be a subcollcction of d\{K,k) with the property that if R,R' G A;), R ^ R' and 

R = <5M(K,fe)<?, R' = SM(K,k)q' then dist(gf,g') > 10. 

We shall show for fixed n, I, k G (J,")*, k G (If)*, r G that 

(5.22) II Yl 4'"* Yl ft^i''^ ^ < n2+3('^+^)/''2-('=-'^)^''a ^ llft^'-^Hi 



iJeJR(K,fe) r(u;)=r r{w)=r 



where 



(5.23) co = ^min{l,^} 

Given (5.22), the proof of (5.18) is a quick consequence. First note that 9^(k, k) can be spht into 0(10'') 
famihes of type $K(k, k). Thus Minkowski's inequality and (5.22) imply that (5.22) holds also with ^{{k, k) 
replaced by 91(k, A:). Then we obtain from (5.20) and the modified (5.22) that the left side of (5.18) is 
controlled by 



r{w)=r 



K<k—Co logn 
. ^ 6+9(<i-i) 



E 2-('=-«)'=oa ^ ^ ||6rl|i- 



/>;>/c+Co log n 



r^If" r{w)=r 
r<K 



Now we sum the geometric series 



fe>K.+Co logn 



and using (5.23) and our choice of Co in (5.10) we observe that n ^^^^ < n 50(1+^/7?). ^j^^g yieifjg that the 
left side of (5.18) is controlled by 

"E E E iic"iii<«ii/iii- 

n,l,KrEl"''^ r(tu)=r 

Thus the proof will be finished when inequality (5.22) is verified. 

Proof of (5.22). 

We split for fixed n, l,k,KG (/;")*, i G and r G /f'", 



E /^r* E 

Re<K(K,k) r{w)=r 



= 1 + 11 



where 
(5.24) 

(5.25) 



1= E /Mr*Mr* E E by{x)dx 

fleSR(K,fe) 



E 



R,R'em(K,k) 

R=^R' 



r{w)=r r(w')=r 
R(w)=R R{w')=R 

/f *A*r* E ^"''^(^) E Kfi^dx. 

r{w)=r r(w')=r 
R{w)=R R{w')=R' 
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We shall first estimate //. Fix w, w' occuring in the expression (5.25). Then using the cancellation of 

the 6^'" we get 



2-feT 



/^o" * l^o"{S-k{x - y)) - ^ -(<5-fc(y -Xyj), V)Vo" * l^o"i^-k{x - x^)) bl''''{y) dy 



d-l 



{d-iy. 



(5.26) 



< „f (2''-('i-3)) 



/7 

Jo Ju 



2^''^{6-k{y - Xu,), V)''/Xo'" * /Xo'"(J_fe(x - + sa;^ - sy)) b'^''^ {y) dyds 



\S-k{x - + sx^u - sy)\'^+'^ 



\hl;'^{y)\dyds 



by Lemma 2.5 applied to the measure /Ug") with (3 = n '^^'^ . 

Now \i X €: w' , y €: w with w' f) R' 7^0, w r\ R ^ %, and if R^ R' then by the separation property of 
the sets in fH(/t, fc) 

(5.27) |5_fc(a; - xj\ > ci2^^-'>'-''^^\S_m^Jx - x^)\ > 10ci2(^-.'=-'=)^ > 5(7i2-('=-'^)«/2 
while 

\6-k{y - x^)\ + \S-k{x - x^,)\ < 2(7i2-«('=-'-) < 2(7i2-«('=-«). 

Thus for X &w' we may replace \S-k{x — + sa^u, — sy)\ in the denominator of (5.26) by \d-k{x'^ — Xyj)\. 
We also take into account that < a\w'\ and thus obtain the bound 



(5.28) 77<nW)/. ^ ^ ^ ^ "'"'I " 

Now we calculate using (5.27) 

^ ^ |^„'|^^_^_<2-('=-'-W ^ ^ / lul-'^-^du 

R^R' r{w')=r R^R' r{w')=r 

Combining this with (5.28) yields the bound 

(5.29) jj<„3^2-t('=-)(2''-i) J2 E 

/ie^(K,fe) R{w)=R 

r{w)=r 

which is controlled by the right hand side of (5.22). 

We now estimate the contribution I. Unfortunately, in introducing the cancellation and passing from 
Z^'" to b'^''^ we have obscured the geometrical information on the thickness of Z^''*. As the cancellation is 
not needed anymore for I we (partially) undo it and estimate 

I<Il+l2 
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where 
(5.30) 

(5.31) 



r('(i;)— r 
R{w)=R 



r(w')—r 
R(w') = R 



iJe9t(«,fe) 

/ieSK(K,fe) 



r(u;)— r 
iJ(-Uj)=Ji 



r(tj;')— r 
R.{w')=R 



Since ~ Q!Xt«(a;) we get 



(5.32) 



and 



<n-^a E E E 



fle3t(K,fe) !•("')='- r(i«')='- 
JJ(u;)=iJ R{w')=R 



-kr 



'Jw \S-k{x-y)\ 



r <^ — kr r 

V / dv < 2-(fc-^(''.'=))(-r-^) / 



2-M(re,fe)7 



ij l^-M(K,fe)(a;-y)| 



Thus 
(5.33) 



r{w)—r 
R(w)=R 

< 2-(fc-K)(-r-A)^ I < 2-(fe-«)(-^-^)5k. 



fle!n(re,fc) r{w')=r 
R{w')=R 



Finally for the main term Ii we use Lemma 2.6, then (2.28) and then part (iii) of Proposition 4.1 to bound 



4'"* 4'"* E /-''(^) 

r{w)=r 
R{w)=R 

j I^T * lATi^-kX - y) E fw''(^ky)dy 



r{w)—r 



r{w)—r 



<„l-3(<i-3)/.2-(fe-M(«,fe))(.-A)Q^[ ^ fn,^i^SMi.,kr)] 



r{w)—r 
rIw)=R 



< n'^-^^d.-3)/v2-{k-M{K.,k)){T-A)^_ 

Since k — M{k, k) > {k — K)a/2A we obtain 



(5.34) 



|/i|<a2-('=-«)(^-^)*n^-3^ E E lie'^lli- 



ile9t(K,fc) r(«)')='' 
R{w')=R 
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(5.33/34) and (5.29) certainly imply (5.22). This concludes the proof of Theorem 1.1. □ 



Remeirk. The above argument also applies to maximal functions associated to certain surfaces with low 

codimension, for example if we assume that for every normal vector the Gaussian curvature is bounded 
away from zero. In this case we have to work with the notions A„^^, Qn,0 in the remark following the proof 
of Proposition 2.1; here (3 is the codimension. The condition about nonvanishing Gaussian curvature is 
never satisfied for manifolds with high codimension such as curves in three or more dimensions. In those 
cases it is presently open whether the weak type L logL inequality of Corollary 3.1 above can be improved. 



6. Estimates for the singular integral operators 

The proof of the weak type L log log L estimate for the singular Radon transforms relies to a large extent 
on the same arguments as for the maximal operator. We shall just indicate the necessary modifications. 

We need to prove inequality (3.21). The definition of the exceptional set O and estimate (5.5) remains 
the same. Thus we are left to show (again with $(s) = sloglog(e^ + s)) 

(6.1) meas({. : | E E /^I- * E E > M) ^ / ^(^)^- 

n,l ke^l")' rMel"-" 
K<k 



Now, as in §5, we wish to decompose the measure into a part with curvature and a part with flatness 
(with the splitting depending on n). Some care is needed now since we need to preserve the cancellation 
of the measure when acting on the a-boundcd contributions. Before doing this decomposition we shall 
reverse the order of the steps (5.9), (5.11) and first get an analogue of (5.11) for the functions /i'^. Indeed 
since = 0(1) the argument for (5.11) yields 

(6.2) meas({x:|E E /^""I > ^^}) ^ /*(^)'^- 

n,l,K keiiry r(u))e/"''' 
K<k<K+Co log n 



and therefore we have to bound 



(6.3) 



meas 



({.: 



n,i KeiirV 



E 



k>K-\-Co logn 



> 



As before we split /^■'^ = g'!^''^ + b^''^ and we first show that 



(6.4) 



meas 



({-1^ E E 



k>K-\-Co logn 



M^* E 



> 



We use the nonisotropic version of an inequality in [6, p. 548] for the maximal version of the singular 
integral, namely we have 



(6.5) 



K2 

sup E Jj-k *U 



< 



M2. 



Here Jlk is the reflection of /ife. Indeed for (6.5) one just needs |/i(^)| < min{|^|, |^|~'''} for some 7 > (c/. 
(3.15)). In order to use (6.5) we have to split /k^' = /ife — (/^fe — /x^). 
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Prom (6.5) and (5.17) we get 



|E E E Mfc* E 

n,l «e(/f)* kG{irr rCtoje/,"'" 

k'>K,-\-Co log n 

= „-pJ/E E E c'(y) E 



Ke(/")* r-(ju)G/, 



fe>K+Co log n 



K2 



< sup sup 2, IJ'k*U 

\\U\\2<1 II ifl,K2 I ^t^^ 



(6.6) < 
For each w and x Gw we have 



E E E i^S'^i 



||2| 
II2I 
|2 
I2' 



E E I E 

n,i Keiipy riw)el" 



E E l5r(^)I^E E ^ / l/r(a^)|rfa.<^ / l/(a^)Ma.<a 

n,l KG(in' n,l KedJ^r I I -^-^ I I 

and in view of the disjointness of the sets w the expression (6.6) is controUed by 



(6.7) 



E||E E E i^ri 

w n,l Ke(I")' r{w)Gl"''' 



< 



a / 1- 



Moreover for fixed n, and m > n we get using (3.15) 

II E E (/^r-^r')* E E 
^2--E E II E E c-|[ 

and thus using the telescoping sum /x^ — /xj. = X^^^„(/x™ — /U™'''^) we obtain 

||E E i^^k-^^k)* E E 



< 



[EE2--(E E II E E 



n m=n 



2\ 1/2 
2 



<[^2--n^(^ E II E 



( w.r(w) K&{Il^)* 



|2^1/2- 
I 2. 



which by the argument above is dominated by a constant times a||/||i. Combining these estimates with 
Chebyshev's inequahty we see that (6.4) holds. 

We are left to prove 



(6.8) 



meas 



<{-|i: E T ^i' E ''r|>:^})<^. 



n,l Ke(lTY keiirr r(«;)e/,"'" 
k>ii+Co log n 
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We now let — j/^" % (which was previously considered only for the case m = n) and define 

the dilate /x^'"'™ = 2-'=^/x*'"'™(5_fe-)- Split (with Jj" and as in §5) 



(6.9) 



I \ ^ \ ^ / i.n.m 2,n,m— 1\ , \ ^ / i.n.n i,n,0\ 



Let H 



i.n,in i,n.7n 't.n,m — 1 



and /i^'™ = X^igj^i" /i^'"'™. Using (6.9) we split 



where 



EE E E &r = E^^^" 



fe>K+Co logn 



m=l 



^ = E E E E 

/c>K+Co log n 

^^=E E E E(A^r"-Mr°)* E c'^ 

fc>/s:+(7o log n 

iiim = Y.T. H E E(4'"'"-Mr'"-^)* E ^r- 

k>K+Co logn 



We show that 
(6.10) 
and 
(6.11) 



imiLHM<'\0.) + ||//||l<||/||l 



||7/7„||^<(l + m)-2a||/||i. 



(6.10/11) imply that the sets where |/| > a/10, |//| > a/10, and J2m=i l-^^-^ml > a/10 all have measure 
< a~^||/||i. Combining this with the estimate (3.2) for the measure of O* yields (6.8). 

The inequality 

|-^llLi(Rrf\J2*) ^5 

follows from the standard estimates for singular integrals (in view of the regularity of /x * (/>o). The bound 
for is proved exactly as in estimate (5.9). Thus we are left to check (6.11). 

Concerning the terms Illm we apply Cauchy-Schwarz' inequality and estimate 



i///«.ii^<E-1lE E E E^r"* E 



n>m 



k>K.-\-Co log n 



where C2 > 10/a, 
(6.12) 



/K. = E"^E|| E E E'^r-* E 



n>m 



k>K,-\-Co log n 
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and 

(6.i3)y„=^n^ E E E E E c^ E W)- 

\l-l'\>C2 k>K+Cologn '' 

k' >k' +Co logn 

The inner product in the second term is estimated by Plancherel's theorem. By van der Corput's 
Lemma and cancellation there is the Fourier transform estimate 



|m"'n(0|<niin{|^|,|C|-^} 



and thus 



which is 0(2-"l'-''l7«/2) -f ^ ^ ^jny^ ^/ ^ ^jny ^ |; _ ^/| >C2> W/a. Set 

^'>n(^)= E E ^-''(^)- 

We may apply Cauchy-Schwarz and Parseval's theorem to bound 



n>m 



\l-l'\>C2 



1,1' 

\l-l'\>C2 



i,nl|2 



Now 



where c is as in (3.3) and hence we obtain 

(6.14) K.<aE2"'"^iE E E l''n||^^2-5«^™a||/||i. 

n>m I Ke(/")* r(u')e/"'" 

For the term IVm we have by Cauchy-Schwarz for the k summation and other applications of Cauchy- 
Schwarz leading to (5.20) 

^K.<E"^E E II E E^r"* E 

/c>K+(7o log n 



(6.15) 



< 



E-^'^^E E E E E Ikr'"* E 



/c>/c+Co log n 



r(u')— r 



Now /ijj ' satisfies similar quantitative properties as /i^' ' = considc'rcxl in §5; in particular we 
have |a"(Aio'"'" * IJ'o'''"'){x)\ < n-3(''-3-2|a|)/r,,-2-m ^ i^i^-i-iai^ -j-j^^g ^jjg estimates for expression (5.20), 
are applicable and we obtain the bound 

n>m K. fe>/c+Cologn r r'(iu)=r 

(6.16) < J2 < (1 + mr'a\\f\U. 

n>m 

This shows (6.11) and thus (6.8) and the proof of Theorem 1.2. is complete. □ 
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